This paper presents parallel kinematic XY mechanism designs that are based on a systematic constraint pattern. The constraint pattern, realized by means of double parallelogram flexure modules, is such that it allows large ranges of motion without over-constraining the mechanism or generating significant error motions. Nonlinear force-displacement characteristics of the double parallelogram flexure are used in analytically predicting the performance measures of the proposed XY mechanisms. Comparisons between closed-form linear and nonlinear analyses are presented to highlight the inadequacy of the former. Fundamental design tradeoffs in flexure mechanism performance are discussed qualitatively and quantitatively. It is shown that geometric symmetry in the constraint arrangement relaxes some of the design tradeoffs, resulting in improved performance. The nonlinear analytical predictions are validated by means of Finite Element Analysis and experimental measurements.
INTRODUCTION
Compact XY flexure stages that provide large range of motion are desirable in several applications such as semiconductor mask and wafer alignment [1] , scanning interferometry and atomic force microscopy [2] [3] , micromanipulation and microassembly [4] , high-density memory storage [5] , and MEMS sensors and actuators [6] [7] . Despite numerous designs that exist in the technical literature [1, [8] [9] [10] , flexure stages generally lack adequate range of motion. Challenges in the design of large range mechanisms arise from the basic tradeoff between the quality of Degree of Freedom (DOF) and Degree of Constraint (DOC) in flexures [11] . As constraint elements, flexures pose a compromise between the primary motion along DOF and the stiffness and error motions along DOC. These tradeoffs are further pronounced due to the nonlinear force-displacement characteristics that arise with increasing range of motion. Although deterministic mathematical techniques for flexure design exist and are very well suited for shape and size synthesis [12] [13] , principles of constraint design prove to be effective in topology generation [14] . Accordingly, based on a systematic and symmetric assembly of common flexure modules, several parallel kinematic XY mechanisms without over-constrained primary motions have been recently proposed [11, 15] . The underlying constraint arrangement in these designs, key performance measures and challenges, and some of the resulting mechanisms are presented in this paper.
A closed-form nonlinear analysis is employed to predict the performance of the proposed XY mechanisms, which utilize the simple-beam type double parallelogram flexure module. Nonlinearities associated with beam curvature can be modeled using elliptical integrals [16] or pseudo-rigid body method [17] , but are neglected since the beam deflections considered in the presented analysis are an order less than the beam length. However, the non-linearity arising from the force equilibrium expressions plays a significant role in determining the influence of loads and displacements in one direction on the stiffness properties of other directions, and therefore truly reveals the performance of the flexure mechanisms. This non-linearity can arise for displacements of the order of the beam thickness and has been thoroughly modeled in the prior literature using transcendental functions [18] and energy methods [19] . In this paper, we use simple yet accurate approximations [11, 20] for the pertinent non-linearity in the beam flexure and beam-based flexure modules. A realistic performance prediction, not possible using linear analysis, is thus obtained without the need for iterative or numerical methods. This closed-form analysis (CFA) offers a parametric understanding of the performance measures and tradeoffs therein, and provides a quantitative validation of the design axiom that geometric symmetry yields improved flexure mechanism performance.
XY MECHANISM TOPOLOGY DESIGN
There are two kinds of design configurations for multi DOF mechanisms -serial and parallel. Serial designs present a stacked assembly of several single-DOF stages and incorporate moving actuators and cables, which can be detrimental for precision and dynamic performance. Parallel designs, which are considered here, are usually compact and allow ground mounting of actuators. The important performance measures of a parallel kinematic XY flexure mechanism and associated challenges are listed here. 1. The primary objective of the design is to achieve large ranges of motion along the desired directions X and Y, and an obvious limitation comes from material failure criteria. For a given maximum stress level, high compliance in the directions of primary motion or DOF increases the range of motion. However, for non-planer designs, this conflicts with the need to maintain high stiffness and small error motions in the out-ofplane directions. 2. In an XY mechanism, the motion stage yaw is often undesirable. Given this requirement, the motion stage yaw may be rejected passively or actively. While both options have respective advantages, fewer actuators make the former preferable due to reduced design complexity and potentially better motion range. Thus, the mechanism has to be designed such that the rotation of the motion stage, being a parasitic error, is inherently constrained. Furthermore, determination of the Center of Stiffness of the motion stage in the mechanism with respect to actuation forces is of key importance. 3. Minimal cross-axis coupling between the X and Y degrees of freedom is an important performance requirement, especially in applications where end-point feedback is not feasible or the two axes are not actively controlled. In the absence of end-point feedback, an additional calibration step is necessary to determine the transformation matrix between the actuator coordinates and the motion stage coordinates. In unactuated or under-actuated systems, cross-axis coupling can lead to undesirable internal resonances.
4. An important challenge in parallel mechanism design for positioning is that of integrating the ground-mounted actuators with the motion stage. Displacement source actuators, which are preferable due to their high force capacity, do not tolerate transverse loads and displacements. Therefore, the point of actuation on the flexure mechanism must be such that it only moves along the direction of actuation and has minimal transverse motions in response to any actuator in the system. Eliminating transverse motion at the point of actuation, is termed as actuator isolation, and is generally difficult to achieve due to the parallel geometry. 5. In the absence of adequate actuator isolation, the actuators have to be connected to the point of actuation by means of a decoupler, which ideally transmits axial force without any loss in motion and absorbs any transverse motions without generating transverse loads. However, a flexure-based decoupler, which is desirable to maintain precision, is subject to its own tradeoffs. Increasing its motion range and compliance in the transverse direction results in an error motion along its axial direction, and a loss in inline stiffness. The inline stiffness is the overall stiffness between the point of actuation and the motion stage, and influences the dynamic performance of the motion system. 6. Low thermal and manufacturing sensitivity are important performance parameters for precision mechanisms in general. Both these factors, being strongly dependent on the mechanism's geometry, may be improved with the careful use of reversal and symmetry.
Because of the tradeoff between quality of DOF and DOC, all these performance measures including parasitic errors, crossaxis coupling, actuator isolation, lost motion and inline stiffness, deteriorate with increasing range of motion. Depending upon the application, these collectively restrict the range of a parallel kinematic mechanism to a much smaller level than what is allowed by material limits. While geometric symmetry plays an important role in improving performance, if implemented inappropriately, it can overconstrain the primary motions resulting in a significantly reduced range. Fig. 7 , is expected to exhibit superior performance. Since the relative rotation in the double parallelogram module is elastic and elastokinematic in nature [11, 20] , motion stage rotation in both these mechanisms may be mitigated by appropriately locating the actuation forces on the intermediate stages. The axes of X and Y actuation that minimize the motion stage yaw are referred to as the Center of Stiffness (COS) axes.
Several other XY designs with different space utilization, choice of building blocks, and levels of symmetry can be generated using the proposed constraint arrangement [15] . The performance of any resulting mechanism depends on the choice of building blocks and the geometry of the constraint arrangement, as shall be shown analytically in the following sections.
PARALLELOGRAM FLEXURE AND VARIATIONS
The non-dimensionalized force-displacement relationships for the double parallelogram flexure and the relevant nomenclature are provided in the Appendix. All displacements and length parameters are normalized by the beam length L, forces by E'I zz /L 2 , and moments by E'I zz /L. E' denotes Young's modulus for plane stress, and plate modulus for plane strain. Non-dimensional quantities are represented by lower case letters throughout this paper. The secondary stage of the double parallelogram flexure and all the moving stages in the proposed designs are assumed rigid. In analyzing the mechanism designs, force equilibrium is applied in the deformed configuration of the mechanism to capture the relevant non-linearities. Stage rotations, being small, are neglected wherever their contribution is relatively insignificant. 
where, 
Since the linear analysis captures only elastic effects, it should be recognized that these results are valid only for small loads and displacements. Nevertheless, they provide valuable design help not only in determining the actuator locations but also in selecting the geometric parameters a o and b o so as to minimize cross-axis coupling and intermediate stage rotations. In this case, dimension a o should be kept as small as possible and b o should be chosen to be 1/2.
To accurately predict the elastokinematic effects that become prominent with increasing loads and displacements, we proceed to perform a non-linear analysis. The 21 equations, including the non-linear force displacement relations for the double parallelogram listed in the Appendix, are explicitly solved using the symbolic computation tool MAPLE™. Taking advantage of the normalized framework, insignificant terms are dropped at appropriate steps in the analysis, and the following force-displacement results for the mechanism are obtained.
( ) 
While the results of the linear and non-linear analyses match exactly for small loads and displacements, it is apparent that the latter is necessary to predict several factors that contribute to the mechanism's performance attributes. Expressions (3) and (4) indicate that the primary motion stiffness drops as a quadratic function of the actuation force in the other direction. Over a typical force range of +/-2.4 required to produce +/-0.1 displacements, the primary stiffness variation is less than 0.4%. Furthermore, the cross-axis coupling has both a linear as well as a quadratic component. While the linear component along y s in response to f x may be eliminated by the choice of b o =1/2, no such remedy is available for the other direction. The is clearly a consequence of the lack of symmetry between the X and Y axes in this design.
Expressions (5) and (6) predict the degree of actuator isolation, lost motion, and inline stiffness. For a given motion stage X displacement, Stage 1 experiences both an X displacement as well as a Y displacement in response to a Y actuation force. The former is a consequence of the elastokinematic effects in flexure module 2, while the latter results due to the elastokinematic effect in flexure module 1. The axial compliance of flexure module 2 contributes to the overall inline compliance between the X actuator and the motion stage, and is given by 
Lost motion and loss of inline stiffness, predicted above, are plotted in Fig. 4, along with FEA results for a given  geometry (a o =0.9737, b o =0.5, t=1/76, L=60mm) . Although not significant for small displacements, the predicted drop in axial stiffness is approximately 90% from the nominal value, for displacements of the order of +/-0.1 and is of concern for both static and dynamic performance. 
Fig.4 Lost Motion and Inline Stiffness
For simplicity, motion stage rotation is expressed here for two special cases. 
This shows that while it is possible to eliminate the linear, or purely elastic, component of the motion stage rotation by selecting the force locations, the same is not true for the nonlinear elastokinematic components because the COS shifts with increasing loads. Since the applied moments cannot be controlled independent of the forces, the mechanism's geometry plays an important role in the effectiveness of this passive yaw minimization method. Motion stage rotation is plotted against the X and Y actuation forces in Fig. 5 . This not only illustrates the inadequacy of the linear analysis, but also gives an idea of the range beyond which the non-linear effects become important. For the given dimensions mentioned earlier, the maximum rotation is approximately 40 µrad over a motion range of +/0.1. However, to ensure a motion stage rotation of less than 5 µrad, the motion range of this mechanism is restricted to 0.05. Sensitivity of the motion stage yaw to the location of force application may also be analytically determined to simulate assembly and manufacturing tolerances that can cause a misalignment between the COS axis and the actuator axis. If e x is the offset between the desirable axis X o and the actual actuation axis, then the motion stage yaw is given by the following expression in the absence of any Y actuation force. 
Fig.6 Center of Stiffness of the Stages with respect to X Force
This prediction is corroborated by FEA in Fig. 6 . If the application so demands, the actuation forces may be alternatively applied along the COS axes of Stage 1 or Stage 2, but this obviously affects the motion stage rotation. Using the linear and non-linear analyses, it is found that the COS for Stage 1 with respect to X actuation force is located at a distance (1+2b o +4a o )/6 from the nominal location, and with respect to the Y actuation force is located at (1-2a o -4b 
where, ; ( 
Fig.8 XY Mechanism 2 in a Deformed Configuration
A more accurate prediction of the mechanism behavior is obtained by solving the system equations using the nonlinear force-displacement relations for the modules. By neglecting insignificant terms at each step in the derivation, the following displacement results are obtained using MAPLE™. 
; 
;
As in the previous case, the non-linear analysis captures several factors that determine the mechanism's performance but are not predicted by the linear analysis. Since this design has twice as many flexure modules, the force required to generate a nominal primary motion of +/-0.1, approximately 4.8, is also twice that for Design 1. It may be noticed in (15) that the stiffness in the primary direction X changes with the application of a Y force. This is expected because with the application of a positive Y force, flexure modules 4, 6 and 7 experience a compressive axial force, while module 1 sees a tensile axial force. Irrespective of whether the axial force is tensile or compressive, the transverse stiffness of all these units drops resulting in an overall all reduction in the primary motion stiffness. Over the range of applied force, the drop in primary stiffness is less than 1.2%.
Expressions (15) and (16) show that the linear elastic component of the cross-axis coupling in this case is entirely eliminated. Any contributions from the applied moments and stage rotations are effectively cancelled out due symmetry. However, there remains a quadratic elastokinematic component comparable to that in Design 1, and is plotted in Fig. 9 
Fig. 9 Cross-axis Errors in X Direction
Lost motion and change in inline stiffness is given by expressions (17) and (20) . The higher order elastokinematic terms may be neglected because they are about two orders smaller than the next larger terms. As in the previous case, the inline stiffness between the actuator and motion reduces with increasing primary motions, owing to the double parallelogram characteristics. Stiffness between the point of actuation and motion stage is easily obtained from (17) , and is similar in nature and magnitude to the previous design. Both these performance attribute predictions are validated in Fig. 10 by means of FEA and experimental measurements.
The stage rotations can also be analytically calculated and the nonlinear results are presented here for some specific cases. Motion stage rotation is given by Fig.12 , show a random variation within +/-2 µrad, which is very likely due to environmental drift. Expressions (23) also provide a quantitative assessment of the sensitivity of the stage rotation with respect to an offset in the actuation axis. This is two times better than the previous design for small loads, and four times better for higher loads. The agreement between FEA and closed-form analysis (CFA) predictions is found to be within 8% in terms of numerical values and almost exact in terms of the non-linear trends, as evident from the plots. Primary motion stiffness predicted by FEA is found to be slightly lower as compared to CFA. The normalized axial stiffness, d, was found to be approximately 20% less than the theoretical value. This is corroborated by the experimental measurements, and is due to the compliance of the secondary stage of the double parallelogram modules [21] , which is not accounted for in the CFA.
For the purpose of experimental verification, an AL6061-T6 prototype of XY Mechanism Design 2, was precisely fabricated using wire-EDM. The experimental set-up was designed such that the stage can be actuated using free weights, motorized precision micrometers, and piezoelectric stacks. The metrology consisted of plane-mirror laser interferometry, autocollimation and capacitance gages, to measure the translations and rotations of the motion and intermediate stages.
Measurements were conducted on an isolation table, and corrected for temperature and humidity variations. Simultaneous measurements using multiple sensors and successive measurements using different actuators yield a reliable validation of the predicted properties of the XY mechanism, accurate to within 10%. Measurement uncertainty is approximately 50nm for displacements and 0.2µrad for rotations. The experiments reveal a slightly higher primary motion stiffness as compared to CFA prediction, likely due to an assumed value of Young's modulus.
CONCLUSION
This paper has presented two parallel kinematic XY flexure mechanism designs based on a constraint arrangement that allows large primary motions and small error motions. Key performance attributes and tradeoffs for XY mechanisms are have been explained. Closed-form nonlinear force-displacement model of the double parallelogram has been used quantify these performance attributes and tradeoffs. This nonlinear analysis reveals important elastokinematic effects that are not captured by linear analysis, which is thereby shown to be inadequate for performance evaluation over a large motion range. The need to minimize lost motion, motion stage rotation and cross-axis coupling, and to maintain inline stiffness and actuator isolation, conflicts with the desire for large range of motion. These compromises depend on the characteristics of the building block modules and the geometry of the layout. It is shown that Design 2, owing to its higher degree of symmetry, exhibits lower cross-axis coupling and motion stage rotation in comparison to Design 1. However, other performance attributes such as lost motion, actuator isolation and inline stiffness, remain similar in nature and magnitude between the two designs. Furthermore, the concept of Center of Stiffness is discussed as an inexpensive means for the passive minimization of stage rotations. The effectiveness of this method is shown to be influenced by the mechanism's geometry, with the symmetric design proving to be a more suitable candidate.
For motion stages designed for high dynamic performance, the inline elastokinematic stiffness can be considerably improved by the use of the double tilted-beam flexure module [20] [21] , which preserves axial stiffness but is detrimental to stage rotations. Dynamic, thermal and sensitivity analyses of the presented and similar designs are currently being pursued. In addition, an improved version of Design 2 is being developed for a high precision microscope positioning stage and a mesoscale machining center.
